We study the Plateau Problem of finding an area minimizing disk bounding a given Jordan curve in Alexandrov spaces with curvature ≥ κ. These are complete metric spaces with a lower curvature bound given in terms of triangle comparison. Imposing an additional condition that is satisfied by all Alexandrov spaces according to a conjecture of Perel'man, we develop a harmonic map theory from two dimensional domains into these spaces. In particular, we show that the solution to the Dirichlet problem from a disk is Hölder continuous in the interior and continuous up to the boundary. Using this theory, we solve the Plateau Problem in this setting generalizing classical results in Euclidean space (due to J. Doublas and T. Rado) and in Riemannian manifolds (due to C.B. Morrey).
Introduction
The Plateau Problem is the problem of finding a surface minimizing the area amongst all surfaces which are images of a map from a disk and spanning a given Jordan curve Γ in a space X. If X is the Euclidean space R n , we can formulate this problem more precisely as follows. If D is the unit disk in R 2 , the area of a map u : D → R n is A(u) = 
The Plateau Problem in R n . Given a Jordan curve Γ ⊂ R n , let
and v ∂D monotonically parameterizes Γ}.
Find u ∈ F so that A(u) ≤ A(v) for all v ∈ F.
The mathematical problem of proving the existence of an area minimizing surface spanning a given contour was raised by J. Lagrange in the mideighteenth century, but the problem is named after the Belgian physicist J.
Plateau who studied soap films. It was not until the 1930's that J. Douglas [D] and T. Rado [R1] [R2] properly formulated and independently solved this problem. In the 1950's, C.B. Morrey [Mo] generalized the problem by replacing the ambient Euclidean space by a space belonging to a very general class of Riemannian manifolds (that includes all compact ones). Further generalization is due to I. Nikolaev [N] who replaced the Riemannian manifold by a complete metric space with the curvature bounded above in the sense of Alexandrov. Our interest here is to extend the generalization to the case when the ambient space is an Alexandrov space, i.e. when the curvature is bounded from below.
An important ingredient for the Plateau Problem (and minimal surface theory in general) is the theory of harmonic maps from a domain of dimension 2. In fact, the solution of the Plateau Problem in Euclidean space and Riemannian manifolds can be given by a map that is harmonic and conformal. With the assumption of non-positive curvature, the harmonic map theory into a singular target space (with the domain assumed to be a Riemannian domain of arbitrary dimension) was first considered in the foundational paper of M. Gromov and R. Schoen [GS] and further generalized by N. Korevaar and R. Schoen [KS1] , [KS2] . This theory was also developed independently by J. Jost (see [J] and references therein). A generalization to the case when the curvature is bounded from above by an arbitrary constant was given by T. Serbinowski [S1] . The aspect that makes the harmonic map theory tractable in this setting is the convexity property of the energy functional under the assumption of an upper curvature bound. The regularity theory for the Dirichlet problem (i.e. the problem of finding a map of least energy amongst all maps with a given boundary condition) states that the Dirichlet solution is Lipschitz continuous in the interior [KS1] and Hölder continuous up to the boundary if given a Hölder continuous boundary condition [S2] . Recall also that there often exists a heavy reliance on the upper sectional curvature bound when one studies harmonic maps into Riemannian manifolds (see for example [ES] ). The harmonic map approach to the Plateau Problem in metric spaces of curvature bounded from above is discussed by the first author in [Me1] , [Me2] , [Me3] . (This differs substantially from the approach pursued in [N] .)
To tackle the Plateau Problem when the ambient space has a lower curvature bound, we will develop the relevant harmonic map theory. More specifically, we study the Dirichlet problem for maps into an Alexandrov space X. The difficulty here is that we do not have the nice convexity properties of the energy functional and cannot mimic the techniques developed for maps into non-positively curved spaces. In fact, the solution of the Dirichlet problem is not continuous in general, even for maps into Riemannian manifolds (cf. [H] ). On the other hand, the regularity of harmonic maps into Riemannian manifolds from a two dimensional domain was established by by [Mo] , [Gu] , [Sc] and [He] . We generalize this result when the target space is an Alexandrov space of curvature ≥ κ assuming an additional condition on X which we describe later in this section.
Regularity Theorem (cf. Theorem 6, Theorem 9) Let X be an Alexandrov space satisfying Perel'man's conjecture. A Dirichlet solution u : D → X is Hölder continuous in the interior of D and continuous up to ∂D.
We note that this is the optimal regularity result. A two-dimensional cone C with vertex angle < π is positively curved and a harmonic map from a disk into C is Hölder continuous, but not Lipschitz, at a point in the pre-image of the vertex.
Using the theorem above, we solve the Plateau Problem by using the Dirichlet solution as a means to obtain an area minimizing disk. One fundamental point we need to clarify is the notion of area associated to a map into an Alexandrov space. Note that the area given by (1) for maps into Euclidean space is obtained by integrating the area element associated with the pull-back metric. The notion of the pull-back metric for maps into non-positively curved metric spaces was given in [KS1] and for metric spaces of general upper curvature bound in [Me2] . We prove that this notion also makes sense for maps into Alexandrov spaces (cf. Theorem 11). Using the pull-back metric, we define the area functional for maps into X and formulate the Plateau Problem analogously to the statement of the Plateau problem in Euclidean space. The proof of the existence of the solution of the Plateau Problem parallels a well-known argument for the Euclidean case [L] . Combined with the regularity theorem for the Dirichlet problem, this gives us:
Theorem (cf. Theorem 13 and Theorem 18) Let X be a Alexandrov space satisfying Perel'man's conjecture and Γ ⊂ X be a Jordan curve. Suppose there exists a continuous map u 0 : D → X of finite energy whose restriction to ∂D monotonically parameterizes Γ. Then there exists a continuous map u : D → X which minimizes area amongst all other continuous maps whose restriction of ∂D monotonically parameterizes Γ. Furthermore, u is conformal, energy minimizing and Hölder continuous in the interior of D.
We now discuss the space X in the theorems above in more detail. Recall that an Alexandrov space with curvature bounded below by κ is one in which geodesic triangles are thicker than comparison triangles in the two-dimensional simply connected surface of constant curvature κ. This notion of curvature bounds in metric space seems to be due to A. Wald [W] in the 1930's and was developed by a Russian school of mathematicians led by A.D. Alexandrov starting in the 1940's. More recently, Alexandrov spaces re-emerged into prominence as they are the limiting spaces of a sequence of certain Riemannian manifolds under the Gromov-Hausdorff convergence. Perel'man's Stability Theorem [P] states that if two Alexandrov spaces of the same dimension are sufficiently close in the Gromov-Hausdorff distance, they are actually homeomorphic. In fact, Perel'man asserts something more -the homeomorphism between the two spaces can be chosen to be bi-Lipschitz. The proof of Perel'man's claim in its full generality is not yet available to our knowledge. For a good discussion on the Stability Theorem and related issues, we refer to Kapovitch [K1] . We note the following two properties of an Alexandrov space; first, the tangent cone T P X at a point of an n-dimensional Alexandrov space X is a cone C(Π P ) over the space of directions Π P at P which is itself an (n − 1) Alexandrov space, and second, the Hausdorff-Gromov distance between a neighborhood around P in X and a neighborhood around the vertex of C(Π P ) at this point can be made arbitrarily small by taking the neighborhoods sufficiently small. Thus, Perel'man's claim implies that if X is an n-dimensional Alexandrov space, then X satisfies the property that X is locally bi-Lipschitz equivalent to a cone over a (n−1)-dimensional Alexandrov space. Furthermore, this (n−1)-dimensional Alexandrov space is locally bi-Lipschitz equivalent to a cone over an (n − 2)-dimensional Alexandrov space and so forth. This motivates us to say that an Alexandrov space X satisfies the Perel'man conjecture if it has this property.
The outline of this paper is as follows. In section 2, we give definitions of Alexandrov spaces and other related concepts. We also recall Korevaar and Schoen's Sobolev space theory into metric spaces. Section 3 contains the two dimensional harmonic map theory. In particular, we discuss the existence of the solution to the Dirichlet problem and prove its interior and boundary regularity. In section 4, the solution of the Plateau Problem is shown. This section also contains the proof of the existence of the pull-back inner product that allows us to make sense of the area functional (subsection 4.1).
Because the interior regularity proven in subsection 3.1 is central to this paper and because of the technical nature of its proof, we conclude this section by illustrating the ideas behind this argument. The main step of the proof is to establish that, for any D r (x 0 ) ⊂ D, we have a good bound on the energy of a map u Dr(x0) in terms of the energy of u ∂Dr(x0) . This in turn implies an energy decay estimate which, by Morrey's Energy Decay Lemma, implies the Hölder continuity. If the image Γ 0 ⊂ X of the boundary map u ∂Dr(x0) is long, then its energy is large and thus we restrict our attention to the case when Γ 0 is short. Hence, we can assume that Γ 0 is contained in a neighborhood that is bi-Lipschitz equivalent to a neighborhood of the vertex of the cone C(Π P ) for some P ∈ X. Since the ratio of the energy of a given map and the energy of this map composed with a bi-Lipschitz map is bounded from above and below by a constant depending on the bi-Lipschitz constant, we can further assume for the sake of simplicity that u Dr(x0) maps into this cone. We now consider the following two cases: (1) the length of Γ 0 is short relative to its distance from the vertex V of the cone and (2) the length of Γ 0 is long relative to its distance from the vertex. In case (1), we extend the map u| ∂Dr(x0) to a map ϕ defined on D r (x 0 ) by setting ϕ(x 0 ) = V and linearly mapping the radial ray from x 0 to a point ξ ∈ ∂D r (x 0 ) to a ray from V to u(ξ). By the construction, the energy of ϕ is bounded in terms of the energy of u ∂Dr(x0) .
The main step follows immediately since u Dr(x0) is energy minimizing and has the same boundary values as ϕ. In case (2), Γ 0 is contained in a neighborhood U far away from the vertex and hence U is bi-Lipschitz equivalent to product of Π P × I for some interval I ⊂ R. We construct a map ϕ by separately considering the Dirichlet problem in Π P and in I. Therefore, if we have a good energy bound for the Dirichlet problem in Π P , then we are done. Since the dimension of Π P is one less than that of X, we are able to prove the main step by an inductive argument on the dimension of X.
Definitions and Background Material

Alexandrov Spaces
We begin with a discussion of Alexandrov spaces and refer to [Sh] , [B1] , [B2] , [OS] for more details.
Definition We say a complete metric space (X, d) (or more simply X) is an Alexandrov space of curvature bounded from below by κ if it satisfies the following conditions:
(1) X is a length space; i.e. for any two points P, Q ∈ X, there exists a curve γ P Q between P and Q with length equal to d(P, Q).
(2) Let S κ be a simply connected surface of constant curvature κ. Denote the distance function of S κ byd and the geodesic betweenP ,Q ∈ S κ byPQ. Given a triple P, Q, R ∈ X, let (P QR) be a geodesic triangle. Then there exists a geodesic triangle (PQR) 
and if we take two pointsS ∈PQ andT ∈PR with d(P, S) =d(P ,S) , d(P, T ) =d(P ,T ), then d(S, T ) ≥d(T ,S). The triangle (PQR) ⊂ S κ will be called a comparison triangle of (P QR) ⊂ X.
For simplicity, will say that X is an Alexandrov space if there exists some κ0 so that X is an Alexandrov space of curvature bounded from below by κ. In this paper, it is not important whether κ is positive, zero or negative; we only use the fact that there exists some lower bound on curvature. Hence, we may as well assume κ < 0. Let α(s) : [0, a] → X and β(t) : [0, b] → X be arclength parameterizations of two geodesics emanating from a point P ∈ X and let θ(t, s) be the angle atP of a comparison triangle α(t)P β(s) in S κ . In particular, if X is an Alexandrov space of curvature bounded from below by κ = −1 then θ(t, s) ∈ [0, π] is given by the equality coshd(ᾱ(t),β(s)) = cosh t cosh s − sinh t sinh s cos θ(t, s).
Condition (2) implies that t → θ(t, s) and s → θ(t, s) are monotone nonincreasing. The angle between geodesics α and β is defined to be (α, β) = lim t,s→0 θ(t, s).
We will need the following geometric fact:
Lemma 1 Let X be an Alexandrov space. For any ρ > 0, there exists δ = δ(ρ) sufficiently small so that if (i) P, R, T ∈ X with P = R, d P R < δ and
(ii) γ T R is a geodesic from T to R and R ∈ γ T R with
(iii) γ P R is a geodesic from P to R with T as its midpoint,
Remark. The idea behind Lemma 1 is as follows. One of the distinguishing features of a space X with a lower curvature bound is the non-uniqueness of geodesics between two given points. Related to this non-uniqueness statement is the following fact: given two points P, R ∈ X, any point T whose distances to P and to R are both approximately half of d P R as in (i) may be far away from the midpoint of a geodesic γ P R . For example, let P be the north pole and R be the south pole on the standard 2-sphere and T be a point on the equator; There exists a geodesic γ P R from P and R whose midpoint is the antipodal point of T . In a smooth Riemannian manifold, the point T satisfying (i) is close to the midpoint of γ P R if P and R are contained in a sufficiently small neighborhood, but in an Alexandrov space, such a neighborhood does not generally exist. On the other hand, Lemma 1 says that we can choose a point R close to R as in (ii) so that T is close to a midpoint T of a geodesic γ P R .
Proof. We assume that X is an Alexandrov space of curvature bounded from below by −1. (Given an Alexandrov space of curvature bounded from below by κ < 0, we can rescale the distance function by a factor of 1 |κ| to construct an Alexandrov space of curvature bounded from below by −1. Since the assumption and the conclusion of the lemma is scale invariant, the condition that the curvature is bounded from below by −1 is without a loss of generality.) Fix δ > 0 and let P, R, T, γ T R , R , γ P R , T satisfy (i), (ii) and (iii) above. Since
and (3) imply
Define α by setting
Using Taylor expansion, we obtain
Furthermore, apply (5) to obtain
Thus, if we can show that α can be made arbitrarily small by taking δ (and therefore d P R ) sufficiently small, then we obtain
2 for sufficiently small δ and hence
for δ sufficiently small. Thus, we are left to show that α is small if δ is chosen to be small. To see this, we let γ T R ⊂ γ T R be a geodesic from T to R and γ RR ⊂ γ T R be a geodesic from R to R . Next, let α 0 be the angle between γ P R and γ T R and β 0 the angle between γ P R and γ RR . Lastly, let β be the angle defined by
By construction, α 0 + β 0 = π, and by the monotonicity property of angles in Alexandrov space, α 0 ≥ α and β 0 ≥ β. Hence
Expanding by Taylor series, we obtain
By the triangle inequality along with (2), we have
Furthermore, the triangle inequality and (3) gives
Combining the last three inequalities, we obtain
Dividing by d 2 P R and δ and rearranging terms, we get
Hence, we see that α is small if δ is sufficiently small. q.e.d.
Definition
The space of directions Σ P at P ∈ X is the closure of the set of equivalence classes of geodesics emanating from P endowed with the distance
Here, α is said to be equivalent to β if and only if (α, β) = 0.
Definition The tangent cone T P is defined to be the set
where ∼ identifies all element of the form ([α], 0) along with a distance function
The equivalence class of ([α], 0) will be called the vertex of T P .
In this paper, we will usually assume an Alexandrov space X is of finite Hausdorff dimension. In fact, under this condition, Hausdorff dimension can be shown to be always integer-valued (cf. [B1] ). The space of directions is also a compact Alexandrov space of curvature bounded below by 1 with diameter less than or equal to π and dimension 1 less than that of X. The tangent cone, in turn, is an Alexandrov space of curvature bounded below by 0 (cf. [B1] ). Finally, we define the notion of an Alexandrov spaces satisfying the Perel'man conjecture given by the following inductive definition.
Definition Let X be a Alexandrov space. We say that a 1-dimensional Alexandrov space is said to satisfy the Perel'man conjecture if and only if it is a finite interval or a circle. Assuming that we have given the definition an (n − 1)-dimensional compact Alexandrov space X satifying the Perel'man conjecture, we say that an n-dimensional compact Alexandrov space satisfies the Perel'man conjecture if every point P ∈ X has a neighborhood U P (hereafter referred to as a conic neighborhood) which is bi-Lipschitz homeomorphic to a neighborhood of the vertex of a cone over an (n − 1)-dimensional compact Alexandrov space which satisfies the Perel'man conjecture.
Let X be a n-dimensional compact Alexandrov space satisfying the Perel'man conjecture. For each P ∈ X, let U P be a conic neighborhood of P . Because of the assumption that X is compact, there exists a finite set of point F ⊂ X so that {U P } P ∈F is a covering of X. We will refer to {U P } as a finite cover of X by conic neighborhoods. A number λ > 0 is a Lebesgue number of a finite cover {U P } P ∈F if A ⊂ U P for some P ∈ F whenever the diameter of A is ≤ λ.
Perel'man's Stability Theorem is the following:
Theorem (cf. [P] , [K1] ) Let X be a compact n-dimensional Alexandrov space of curvature bounded from below by κ. There exists = (X) > 0 so that if Y is an n-dimensional Alexandrov space of curvature bounded from below by κ with the Hausdorff-Gromov distance between X and Y less than , then there exists a homeomorphism between X and Y .
Perel'man asserts that there actually exists a bi-Lipschitz homeomorphism between X and Y above. A consequence of Perel'man's claim is that the condition that an n-dimensional Alexandrov space satisfies Perel'man's conjecture is actually redundant. This follows immediately from the fact that, for any point P in a n-dimensional Alexandrov space X, the pointed Hausdorff limit of the scaling (λX; P ) of X is isometric to (T P (X); V ). In other words, a small neighborhood around P is close in Hausdorff-Gromov distance to a small neighborhood around V in T P which is a cone over a (n − 1)-dimensional space of directions.
Sobolev Space
We summarize Korevaar and Schoen's Sobolev space theory of [KS1] . Let Ω be a compact Riemannian domain and (X, d) a complete metric space. A Borel measurable map u : Ω → X is said to be in
This condition is independent of P ∈ X by the triangle inequality. For > 0, set Ω := {x ∈ Ω : dist(x, ∂Ω) > } and let S(x, ) denote the sphere of radius centered at x in Ω. Construct the -approximate energy function e (x) : Ω → R by
where ω n is the volume of the unit sphere in R n . Let ν be any Borel measure on the interval (0, 2) satisfying
Consider an averaged approximate energy density function defined by
Since ν e (x) ∈ L 1 (Ω), we can define a functional E u : C c (Ω) → R by setting
We will say that u is a finite energy map or u ∈ W 1,2 (Ω, X) if
If u ∈ W 1,2 (Ω, X), the measures ν e (x)dµ converge weakly independently of the choice of ν to a measure which is absolutely continuous with respect to the Lebesgue measure (cf. Theorems 1.5.1 and 1.10 of [KS1] ). Hence, there exists a function |∇u| 2 , called the energy density, so that e dµ |∇u| 2 dµ. Let Γ(T Ω) be the set of Lipschitz tangent vector fields on Ω. The directional energy density |u * (Z)| 2 for Z ∈ Γ(T Ω) is defined similarly. We denote x + Z to be the flow along Z at time with initial point x. Define
Theorems 1.8.1 and 1.9.6 of [KS1] ). We set |u * (Z)| = |u * (Z)| 2 .
and note that this notation is justified by Theorem 1.9.6 of [KS1] . For almost every x ∈ Ω,
where S n−1 ⊂ T x Ω is the unit sphere (cf. (1.10v) of [KS1] ). Lastly,
If Ω is a Lipschitz domain and u ∈ W 1,2 (Ω, X), then there exists a welldefined notion of a trace of u, denoted T r(u), which is an element of L 2 (∂Ω, X).
We will also need the following lemmas. For notational simplicity, we set
and
Proof. The convergence in L 2 -norm follows from Theorem 1.8.1 of [KS1] . To see the pointwise a.e. convergence, first observe that (1.9 xix) of [KS1] implies that |u * (V )| = 0 almost everywhere on {x : V (x) = 0}. Since D (0, V ) = 0 on this set, we only need to verify the convergence on {x : V (x) = 0}. After applying a C 1,1 change of coordinates from the initial coordinate chart, we can assume that Z is a coordinate direction. Thus Lemma 1.9.5 of [KS1] implies that
follows immediately from the other two convergence statements. q.e.d.
Proof. For this proof, we set D = D (0, V ), D = |u * (V )| and T ϕ(x) = ϕ(x + U ) for any function ϕ : Ω → R. To see why (8) is true, first note that
Thus, denoting the L 2 norm by · 2 , we obtain
Furthermore, several application of the the triangle inequality yields
As → 0, the first term on the right hand side converges to 0 since √ f D ∈ L 2 (Ω), the second term by Lemma 2 and the third term since T √ f → √ f uniformly. Thus, we have established (8).
To see why (9) is true, one can use the change of coordinates method outlined in the proof of Lemma 2.3.1 of [KS1] . The convergence of (10) follows immediately from (8) and (9). q.e.d.
Lemma 4 Let V, U ∈ Γ(T Ω) and f ∈ C c (Ω), f ≥ 0. Then for all η > 0 there exists 0 , δ > 0 such that for allΩ ⊂ Ω with µ(Ω) < δ and < 0 , we have
Proof. We use the notation of the proof of Lemma 3. Since f D 2 is a nonnegative integrable function on Ω, there exists δ > 0 such that if µ(Ω) < δ then 2
By Lemma 2, there exists 0 > 0 such that if < 0 , then
Thus, the first inequality of (11) follows by observing that
The second inequality follows from
and the observation that the second term converges to 0 as → 0 by Lemma 3. q.e.d.
The Dirichlet Problem
We let D be a unit disk in the plane. The Dirichlet Problem for an Alexandrov space X is formulated as follows:
, then u will be referred to as a Dirichlet solution (for the boundary data T r(u)). We first establish the following existence result:
Proof. The proof is an easy application of the results of Chapter 1 in [KS1] . We take a sequence of maps {u k } ⊂ W 1,2 ψ (D, X) such that E u k converges to E ψ . Since our spaces are compact, there exists C > 0 so that
By the precompactness theorem (Theorem 1.13 of [KS1] ), there exists a sub-
. By the lower semicontinuity of energy (Theorem 1.6.1 of [KS1] ) and the trace theory (Theorem 1.12.2 of [KS1] ), E u = E ψ and T r(u) = T r(ψ). q.e.d.
The rest of this section is devoted to the regularity issues of the Dirichlet solution.
The Interior Hölder Continuity
The goal of this subsection is to prove:
Theorem 6 Let X be a finite dimensional compact Alexandrov space satisfying the Perel'man conjecture. Let u ∈ W 1,2 (D, X) be a Dirichlet solution. Then for each R ∈ (0, 1), there exists C and α dependent only on R, E u and
Here, D R (z 0 ) ⊂ R 2 is the disk of radius R centered at z 0 . In particular,
Before we prove Theorem 6, we will need several preliminary lemmas. In the following, let Π be a compact Alexandrov space. We define two metric spaces P(Π) and C(Π) associated with Π. The first is the product of Π with R; more precisely, P(Π) is the set Π × R = {(P, t) : P ∈ X, t ∈ R} endowed with the distance function d P defined by
For any r 1 , r 2 ∈ [0, ∞) with r 1 < r 2 , we define the truncated product space as P(Π, r 1 , r 2 ) = {(P, t) ∈ P(Π) : r 1 < t < r 2 }.
The second space is the cone over Π; more precisely, C(Π) is the set
endowed with the distance function d C defined by
The vertex of C(Π) (i.e. any point of the form (P, 0)) will be denoted O. For any r 1 , r 2 ∈ [0, ∞) with r 1 < r 2 , we define the truncated cone as
Given a map u ∈ W 1,2 (D, P(Π)) (resp.u ∈ W 1,2 (D, C(Π))) we will denote energy, energy density function and directional energy function by E u P , |∇u|
. In fact, a simple computation shows that there exists
so that 1
and hence
Lemma 7 Given a finite dimensional compact Alexandrov space X satisfying Perel'man's conjecture, a finite cover of X by conic neighborhoods and λ the Lebesgue number of this cover, there exists κ depending only on X so that if
Proof. We prove this by an induction on the dimension of X. We first verify the inductive step. Assume Lemma 7 is true whenever the dimension is n and suppose that the dimension of X is n + 1. Let {U p } p∈F be a finite cover of X by conic neighborhoods and λ be its Lebesgue number. By the definition of conic neighborhoods, for each p ∈ F , there exists a bi-Lipshitz map
where we refer to Π p by an abuse of notation as the space of directions at p of X. For each p ∈ F , let {V p q } q∈Fp be a finite cover Π p by conic neighborhoods and λ p be its Lebesgue number. Let
be a bi-Lipschitz map where Π p q is the space of directions at q of Π p . Let K, η be sufficiently large so that for all p ∈ F and P, Q ∈ U p ,
where
2 ) as in (12). The assumption (13) implies
Therefore, the image of γ is contained in U p for some p ∈ F and we can let
We will write σ = (σ 1 , σ 2 ) where σ 1 : ∂D → Π p and σ 2 : ∂D → R are the natural projection maps. We consider two cases:
Let (r, θ) be the polar coordinates of D and define ψ = (ψ 1 , ψ 2 ) :
It is clear by construction that ψ ∈ W 1,2 (D, C(Π)) and T r(ψ) = σ. Furthermore, we have
by the definition of ψ and the definition of the distance function d C . If we divide (18) by |r 1 − r 2 | 2 and (19) by |θ 1 − θ 2 | 2 and take the limit as r 1 → r 2 , θ 1 → θ 2 , we obtain (cf. section 1.9 of [KS1] )
From the triangle inequality and (17), we see that
Thus, (20) along with the above inequality gives us
for some constant Λ dependent only on η.
Integrating over θ ∈ ∂D, we obtain
Now note thatσ is continuous; indeed, for any θ, θ ∈ ∂D,
Thus, (21) implies there exists
by choice of η in (16). Thus,
Let v 1 : D → Π p be the Dirichlet solution with T r(v 1 ) =σ 1 and v 2 : D → R be the Dirichlet solution with T r(v 2 ) =σ 2 . Since the dimension of Π p is n, the inductive hypothesis implies that exists constant κ so that
where we have used the subscript to denote quantities associated to the metric space Π p . If we let v = (v 1 , v 2 ) ∈ P(Π p ), then the definition of a product space immediately implies that
If we define w = (w 1 , w 2 ) = (v 1 ,
Finally, using the definition of K, we see that
By letting κ = max{Λ, K 2 L 2 (κ + 1)}, we have verified the inductive step. Now assume that that the dimension of X is 2. Then the space of direction at any point of X is either an interval or a circle and we can follow the proof of the inductive step to prove the base case of the inductive argument. q.e.d.
To summarize, we have demonstrated that if u is an energy minimizing map with Sobolev trace map γ which is small in energy, then we have an estimate of the energy of u in terms of its trace. We use this fact along with the Morrey's Energy Decay Lemma for maps into X to prove Hölder continuity. We let
Then there exists a constant K so that for every z 1 , z 2 ∈ D R (0),
Proof. Using the Sobolev theory of maps into metric space targets developed in Chapter 1 of [KS1] , the assertion of the lemma follows from Morrey's argument in [Mo] . q.e.d.
Proof of Theorem 6. Fix a finite cover of X by conic neighborhood and let λ be its Lebesgue number. Let R ∈ (0, 1) and let z 0 ∈ D R . By [KS1] Section 1.9, u restricted to ∂D r (z 0 ) is absolutely continuous and W 1,2 for almost every choice of such r ∈ (0, 1 − R). Let s be the arclength parameter of ∂D r (z 0 ) andû be the composition of u with the dilation and translation of the plane which takes
By Lemma 7 and invariance of the energy under conformal transformation, we obtain
Thus, for almost every r ∈ (0, 1 − R),
Integrating the differential inequality and letting C 2 R = max{κ, E u λ } gives us the estimate needed to employ Lemma 8. q.e.d.
Boundary Regularity
The goal of this section is to prove:
Theorem 9 Let γ ∈ C 0 (∂D, X) be a continuous map and u ∈ W 1,2 (D, X) be its Dirichlet solution. Then u is continuous in D.
To prove the boundary regularity, we need the following lemma which gives a lower bound on the energy of a harmonic map if a point is mapped sufficiently away from the boundary values.
Lemma 10 Let , M > 0. There exists η = η( , M ) > 0 so that for any ϕ ∈ C 0 (∂D, X) and its Dirichlet solution
Proof. We prove this theorem by way of contradiction. Suppose that the statement is false. Then there exists a sequence of Dirichlet solutions
Since X is compact, we may assume that v i (0) → p ∈ X by taking a subsequence if necessary. Suppose x ∈ D has the property that
Since E vi ≤ M for all i, we can apply the precompactness theorem and the trace theory (cf. [KS1] Theorem 1.13 and Theorem 1.12.2) to obtain a subsequence (which we denote {v i } by an abuse of notation) so
. Fix δ ∈ (0, 1) and let D 1−δ be a disk of radius 1 − δ centered at the origin. By Theorem 6, v i D 1−δ is Hölder continuous; more specifically,
Note that the modulus of continuity depends only on the geometry of the target and on the arbitrary constant δ. Hence, {v i D 1−δ } form an equicontinuous family and converge uniformly to a Hölder continuous map according to the Arzela-Ascoli Theorem. The limit map must be the restriction of v constructed above to the smaller disk D 1−δ . Consequently, v(0) = p and, since δ is arbitrary, v is continuous in D. In particular, this implies
for sufficiently large i depending only on , X and δ and not on the chosen z since the convergence of
(p))∩D 1−δ for sufficiently large i and
By the lower semicontinuity of the energy functional (cf.
[KS1] Theorem 1.6.1), (24) and (25), we conclude that
Therefore,
by the Lebesgue Dominated Convergence Theorem which in turn implies that v must be constant on each connected component of v −1 (B 4 (p)). In particular, it must be identically equal to p on the component
(p)) containing 0. The continuity of v implies that v −1 (p) is closed and hence K is closed. Since K is both open and closed, K = D. Therefore, v and hence ϕ is identically equal to p.
On the other hand, the triangle inequality says
Letting i → 0, we obtain
The proof of boundary regularity is now an easy application of Lemma 10.
Proof of Theorem 9. Suppose a Dirichlet solution u : D → X with a continuous trace γ : ∂D → X is not continuous at some point x 0 ∈ ∂D. There exists > 0 and
By the Courant-Lebesgue lemma and the continuity of γ, we may choose δ i → 0 such that u restricted to ∂D δi (x 0 )∩D is continuous and the length of the curve
converges to 0 as i → ∞. This combined with (26) implies that
for sufficiently large i. By choosing subsequence if necessary, assume that
By the Riemann Mapping Theorem, there exists a conformal 
→ 0 as i → ∞ and we arrive at our contradiction. q.e.d.
The Plateau Problem
The area functional
Before we can properly state the Plateau Problem for an Alexandrov space, we must formulate a notion of area. Our definition is analogous to the usual definition of the area functional for a map from a surface into a Riemannian manifold; in other words, it is obtained by integrating the area element of the pull-back metric. Thus, we first need to generalize the notion of the pull-back metric in this setting. This is accomplished by (28) and Theorem 11 below.
Let Ω be a Riemannian domain and X an Alexandrov space. (Note that we do not need to assume X is finite dimensional or satisfies Perel'man's conjecture in this subsection.) For Z, W ∈ Γ(T Ω) (i.e. Z, W are Lipschitz vector fields on Ω), we define
If (Ω, g) has local coordinates (x 1 , x 2 , . . . , x n ) and corresponding tangent basis {∂ 1 , ∂ 2 , . . . , ∂ n }, we write
We show in Theorem 11 below that π generalizes the notion of the pull-back metric. The analogous result for the case when X is a NPC (non-positively curved) space is proven in [KS1] and the case when the curvature of X is bounded from above is proven in [Me2] .
Theorem 11
The operator π defined above,
is continuous, symmetric, bilinear, non-negative and tensorial; more specifically
If ψ : Ω 1 → Ω is a C 1,1 map, then writing v = u•ψand π v for the corresponding operator, we have the formula
Proof. Assuming Proposition 12 below, we can follow the proof of Theorem 2.3.2 of [KS1] to prove Theorem 11. q.e.d.
Proposition 12
Let Ω be a Riemannian domain and let X be an Alexandrov space. If u ∈ W 1,2 (Ω, X), then for any Z, W ∈ Γ(T Ω) the parallelogram identity
holds.
Proof of Proposition 12. Recall that for any Z, W ∈ Γ(T Ω), we denote by x + Z the flow along V with initial point x ∈ Ω at time and
We claim the following:
Claim 2 Fix N . For any ρ > 0, let δ(ρ) be as in Lemma 1. Then there exists a function G ρ (x, ) so that if the following three inequalities:
are satisfied for > 0 and x ∈ Ω N , then
Furthermore, there exists a function G ρ (x) so that
and lim
Claim 3 For x ∈ Ω − Ω + , the parallelogram identity (30) holds.
Assuming the validity of the three claims, we prove the parallelogram identity as follows. Fix η > 0. By Lemma 4, there exists 0 , δ > 0 so that for anỹ Ω with µ(Ω) < δ and < 0 , we have
By Lemmas 2 and 3,
pointwise almost everywhere. By Egoroff's Theorem, there exists set a A so that µ(A) < δ 2 and these convergences are uniform on Ω − A. By Claim 1, there exists N sufficiently large so that µ(Ω + \Ω N ) < δ 2 . Hence,
For ρ > 0, the uniform convergence implies that there exists 0 > 0 sufficiently small so that (31), (32) and (33) hold for for all < 0 and all x ∈ Ω N \A. Thus, by Claim 2 (34),
Take → 0 and apply Lemma 2, Lemma 3 and Claim 2 (35) to obtain
Now by taking ρ → 0, applying Claim 2 (36) and noting that η can be made arbitrarily small, we obtain
Combined with Claim 3,
Replacing Z and W by Z+W 2 and Z−W 2 respectively in the above argument, we obtain
Finally, since the choice of f is arbitrary, we obtain the parallelogram identity. q.e.d.
We are now left to prove the three claims.
Proof of Claim 1. If
we have that µ(Ω
Proof of Claim 2. For x ∈ Ω and > 0, assume (31), (32) and (33) are satisfied and let
The inequalities (32) and (33) imply
Let γ RT be a geodesic from R to T and R be a point on γ RT so that
Let γ P R be a geodesic from P to R and T be its midpoint. By Lemma 1, we have d T T < ρd P R .
Define γ to be the curve which is the sum of geodesics from Q = u(x + Z) to T and from T to S = u(x + W ). Letd be the distance function in the hyperbolic plane H 2 and construct pointsP ,Q,R ,S ∈ H 2 with the property that
and so that geodesic triangles PQR and PSR intersect only along the geodesicγPR fromP toR . IfT is the midpoint ofγPR ,
by the property of an Alexandrov space. Hencē
Therefore, if
Dividing by 2 , we obtain
Hence, by the triangle inequality, we have,
If we square this inequality, divide by 2 and assume that ρ << 1, we have
which immediately implies
Furthermore, assuming ρ << 1, we also obtain
These combine to give
Combining (41), (42) and (43), we obtain
Inequality (31) implies that
By also using the fact that d RR = δ(ρ)d P R ≤ ρN , we can apply Lemma 19 of the Appendix to obtain,
for some constants K 1 , K 2 sufficiently large. Define G 2 (x, ) to be the right hand side of the inequality above. Thus, (34) holds if we set
Then (35) and (36) hold by Lemmas 2 and 3. q.e.d
Proof of Claim 3. Let Ω 0 denote the set of all points in Ω so that |u * (Z + W )| 2 = 0. If P, Q, R, T be as in (37). Then = 0.
Thus we arrive at
Similarly, using
we obtain the opposite inequality. Hence, we conclude
Interchanging Z and W in the argument above, we also obtain
for a.e. x ∈ Ω 0 . Similar arguments apply when we examine points of Ω where the other directional energy measures vanish. q.e.d
The Plateau Problem
We can define the area functional for u ∈ W 1,2 (D, X) by
The Plateau Problem for a compact Alexandrov spaces satisfying Perel'man's conjecture is formulated as:
The Plateau Problem Let Γ be a closed Jordan curve in X, let
Find u ∈ F Γ so that A(u) = inf{A(v) : v ∈ F Γ }.
The main result of this section is that we can solve the Plateau Problem if there exists at least one continuous finite energy map whose trace monotonically parametrizes Γ.
Theorem 13 If F Γ = ∅, there exsits u ∈ F Γ so that A(u) = inf{A(v) : v ∈ F Γ }.
We separate the proof of Theorem 13 into two claims. The first claim is that there exists a map which minimizes the energy functional in F Γ . The second claim is that an energy minimizing map is also an area minimizer. These claims are proved by an extending the arguments used for the Euclidean case (cf. [L] ).
In order to prove the first claim, we need Lemma 14 and 15 below.
Lemma 14
The energy functional is invariant under conformal reparametrizations of the disk.
Proof. This follows by adapting a well-known computation in the smooth setting to the current situation. This can be justified by the change of variables formula (29). q.e.d.
Lemma 15 Fix x 1 , x 2 , x 3 ∈ ∂D and P 1 , P 2 , P 3 ∈ Γ. If F Γ = {u ∈ F Γ : u(x i ) = P i for i = 1, 2, 3 and E u ≤ 2 inf u∈FΓ E(u)}, then F = {u| ∂D : u ∈ F Γ , E u ≤ 2 inf u∈FΓ E(u)} forms an equicontinuous family of maps.
Proof. This follows from the same argument given in Proposition 6 of [L] . q.e.d.
We now prove the first claim:
Claim 1 There exists u ∈ F Γ so that E u = inf u∈FΓ E u .
Proof. We now choose 0 such that
We mollify functions (π 0 ) ij to obtain the metric (τ For sufficiently small σ,
. Since E(F σ , π v ) is uniformly bounded independently of σ, the Courant-Lebesgue Lemma and Arzela-Ascoli Theorem imply that there exists an increasing sequence of integers S 1 such that {F σ k } k∈S1 converges uniformly to a continuous map F 1 in D σ1 . Now inductively define a sequence S n ⊂ S n−1 such that {F σ k } k∈Sn uniformly to a continuous map F n in D σn . Note that by the choice of S n , we have that
For any σ, choose σ n ≤ σ, hence,
Since the above is true for σ arbitrarily small,
We now prove our second claim.
Claim 2 If u ∈ F Γ satisfies E u = inf v∈FΓ E v , then A(u) = inf{A(v) : v ∈ F Γ }.
The right hand side can be estimated as
